It was proved in 1957 by Huber that any complete surface with integrable Gauss curvature is conformally equivalent to a compact surface with a finite number of points removed. Counterexamples show that the curvature assumption must necessarily be strengthened in order to get an analogous conclusion in higher dimensions. We show in this paper that any non compact Riemannian manifold with finite L n/2 -norm of the Ricci curvature satisfies Huber-type conclusions if either it is a conformal domain with volume growth controlled from above in a compact Riemannian manifold or if it is conformally flat of dimension 4 and a natural Sobolev inequality together with a mild scalar curvature decay assumption hold. We also get partial results in other dimensions.
Introduction
The main theme of this paper is the study of the geometry of non-compact manifolds with asymptotically zero Ricci curvature. In other words, we will consider throughout this paper complete Riemannian manifolds (M, g) satisfying
(1.1)
Our goal is to investigate the consequences of assumption (1.1) on the asymptotic behaviour of the metric. We are mainly interested in possible generalizations in higher dimensions of the well-known and beautiful 1957's result by Huber [18] : every complete surface with integrable negative part of the Gauss curvature has integrable Gauss curvature and is conformally equivalent to a compact surface with a finite number of points removed. It is well known that any naive generalization of this result in higher dimensions is wrong. For instance, examples of manifolds with asymptotically non-negative curvature (in an integral sense) and infinite homotopy type (i.e. they are not equivalent to the interior of a compact manifold with boundary) are known [26] . Moreover, there exist as well complete Riemannian manifolds with finite volume, bounded curvature and infinite topological type. On the other hand, Abresch and later Kasue showed that some topological information may be available as soon as the curvature K g satisfies
where r is the distance to a fixed point (see [1, 20]) . To obtain precise geometrical information, it is usually necessary to add an extra volume or diameter growth assumption (see for example [25, 31] ). And the asymptotic geometry is known to be simple only when the whole curvature tensor decays at infinity in a very strong sense, e.g.
In order to obtain conformal information on the behaviour at infinity, our assumption (1.1) of finiteness of the L n/2 -norm of Ricci curvature must then be strengthened a bit in order to stand in the middle of the two extremes. In this paper, we shall study two important special cases, each considered with natural extra assumptions.
In the first setting, the manifold is an arbitrary domain already embedded in a compact manifold and the metric is conformal to the "compact" metric. As expected, a Huber-type result follows if one adds control from above on the volume growth. This is the contents of our first main result (Theorem 2.1). As this case is rather special, it turns out that control on the full Ricci curvature is not necessary and some results are already available when one has only finiteness of the L n/2 -norm of the scalar curvature (see Theorem 2.1 for details). Our result may be compared with a classical result by K. Uhlenbeck: any Hermitian vector bundle on the euclidean ball B n − {0} whose curvature is in L n/2 extends W 1,n on the whole ball [27] .
In the second, we release the assumption on topology (no compact manifold involved) and treat the case of conformally flat manifolds, which may be seen as the closest analogues of surfaces in higher dimensions. Our manifolds will satisfy finiteness of the L n/2 -norm of Ricci curvature (1.1), together with an adequate Sobolev inequality:
which is the extra hypothesis we choose for this case. For technical reasons, we also have to add some mild assumption on scalar curvature:
We notice that the Sobolev assumption is automatically satisfied in the case of manifolds with positive Yamabe invariant together with finite L n/2 -norm (1.1) of Ricci curvature. Things run smooth in dimension 4 and we prove our second main result (Theorem 5.7): under these assumptions, the manifold is conformally
